Abstract: This paper discusses an expedite approximate algorithm for obtaining the controls in the longitudinal maneuver of the aerospace vehicles. The equations of motion are written in terms of the flight path (the trajectory that is desired is also given in terms of flight path, that is the local radius of curvature is given as a function of flight path) and the controls required for following a desired trajectory obtained accordingly. A finite terms integration procedure is subsequently presented.
INTRODUCTION
The values of the controls in a maneuver are a key parameter in the design of an airplane. Various methods exist to estimate the response of the airplane to controls. This paper discusses an expedite approximate algorithm for obtaining the controls in the longitudinal maneuver of the aerospace vehicles.
The equations of motion are written in terms of the flight path (the trajectory that is desired is also given in terms of flight path, that is the local radius of curvature is given as a function of flight path) and the controls required for following a desired trajectory are obtained accordingly. A finite terms integration procedure is subsequently presented.
The equations of motion of an airplane or rocket are presented in many references, for example References [1] [2] [3] .
Nevertheless, the modeling of the aircraft's motion is still an area of open research, and a large number of papers have been dedicated to this topic.
A comprehensive review is far beyond the purpose of this paper; older references, like, for example, Ref. [4] , as well as more recent papers, like, for example, Ref. [5] briefly illustrate some basic research in the field. In the symmetric flight of an airplane, the governing equations for the variables describing the longitudinal motion can be separated from the equations of the lateral motion. The equations of motion of the longitudinal channel, written using time as an independent variable are, Refs. [1] [2] [3] [4] INCAS BULLETIN, Volume 7, Issue 3/ 2015 (2) and, with the slope as an independent variable, the equations of motion for the longitudinal channel in the symmetric flight become The elevator deflection can be readily obtained form the equation that describes the motion in transverse to the velocity vector (normal to the trajectory), Equations (3)- (5) can be can be integrated numerically (using any numerical integration method, e.g. Runge-Kutta, Adams, etc) to study the motion along a given trajectory, described by the equation ) (  r r (6) where, once again, r is the local radius of curvature of the trajectory and γ is the local slope of the trajectory.
Numerical integrations are easily done and a wealth of literature has been dedicated to the topic, see, for example Ref. [6] .
Many researchers have been directing their efforts to improve existing numerical algorithms, see, for example, Refs. [7] and [8] , however, numerical integrations are significantly slower that the analytical calculations, hence, in spite of the tremendous progress of computers and numerical algorithms, a wide interest in analytical (or, at least semi-analytical) solutions still exists in all engineering fields, as illustrated, for example, in Refs. [9] and [10] .
Numerical integration is widely used in flight dynamics, however, an analytical tool able to provide a fast estimate of the variables that describe the motion would be very beneficial, both for allowing a fast evaluation during early design stages, and for generating fast, yet sufficiently accurate data for more advanced analyses. Consequently, the finite terms integration of the aircraft's equations of motion has been continuously present in literature during the last decade, Refs. [4] , [11] and [12] .
The subsequent part of this paper presents a finite terms approximate integration of the longitudinal equations of motion for the airplane in symmetric flight. The algorithm is only valid for integration along a short arc of the trajectory, however, the time-step is much larger than the Δt required for regular numerical integration.
The algorithm was briefly presented in an older paper, Ref. [12] , however, the main equations are repeated here for a better readability of the paper. Typos that unfortunately were not detected prior to publishing the older version of this paper, Ref. [12] are also corrected. A new numerical example is presented and discussed in greater details, to better illustrate the advantages of the method.
THE MATHEMATICAL MODEL
The left hand side of the equation of motion along the velocity
so the equation of motion along the tangent to trajectory becomes The coefficients of equation (10) varies slow with time, so, for a short trajectory arc, equation (10) The angular pitch speed is often small, and so the angular-related-pitch terms (at least over a short trajectory arc), so the trajectory can be seen as a series of "quasi-steady-states".
RESULTS AND DISCUSSIONS
The numerical example discussed below utilizes data for a hypothetical fighter whose aerodynamic coefficients are given in Table 1 . The reference surface of the wing is 13.18 m 2 and the aerodynamic chord is 2.45 m. The mass of the airplane is 9874kg and it is assumed that during the maneuver it remains constant. It is further assumed that during the maneuver the thrust also remains constant at 65000 N.
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The ) (  r r function that describes the trajectory is given in Fig.1 , where the ordinate is the natural logarithm of r, in meters (the corresponding figure in Ref. [12] shows the decimal logarithm or the radius of curvature). The radius of curvature of the trajectory is very high at the beginning and the end of the maneuver; this corresponds to a rectilinear flight (r goes, theoretically, to infinity). Next, for the most part of the maneuver, the radius of curvature remains constant, so the trajectory that is sought is a circle.
The finite terms integration algorithm can be applied as an explicit scheme, as a predictor-corrector method, as well as an implicit algorithm. The results shown below were obtained using a simple explicit method, meant to illustrate method's capacity of providing fast evaluations of the required parameters, using relatively rough grids without running in numerical instability. The ) (  r r curve was discretized using a 40 points mesh (unevenly distributed), for Table 1 . Aerodynamic Properties Figure 2 shows the trajectory of the airplane, as provided by the algorithm described above.
The coefficients of the equations were obtained using a simple explicit algorithm that utilizes the values of the aerodynamic date at the beginning of the "short arc". The orbit is a closed loop, as desired. Figure 3 shows the variation of the angle of attack during the vertical loop that is calculated.
The plot has a few sharp corners, unlikely to appear in real flight, that are due to quite coarse mesh utilized.
Nevertheless, the algorithm can provide a fast estimate of the parameter without running into numerical instabilities and the values that .are obtained are realistic. Figure 4 presents the elevator deflection during the maneuver. Again, the graph shows a few sharp corners, unlikely to appear in real flight, that are due to quite coarse mesh utilized. 
CONCLUSIONS
This paper discusses an expedite approximate algorithm for obtaining the controls in the symmetrical longitudinal maneuver of airplanes and rockets. The equations of motion are written in terms of the flight path and the controls required for following a desired trajectory are also expressed as functions of . A finite terms integration procedure is subsequently discussed and a numerical example is presented, that shows that, even on a course grid, and using a simple explicit scheme, the method is capable to provide fast estimates of the flight parameters without running into numerical instability.
